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Norm and Inner Produ
t of Ve
tor Ve
tor normVe
tor normHow to measure the size of a ve
tor?Distan
e in 3D Eu
lidean spa
e: from a point P(x ; y ; z) to the origind(P) =px2 + y2 + z2: (1)Notion of normkuk = d(P); P(x ; y ; z) � u = [x y z ℄T :
Oz yx
z yx

P
Figure: Distan
e in Eu
lidean spa
e November 8, 2016 3 / 35



Norm and Inner Produ
t of Ve
tor Ve
tor normVe
tor normProperty of Eu
lidean distan
e1 kuk � 0 (positivity)2 kuk = 0 i� u � 0 (positive de�niteness)3 k�uk = j�j kuk for any s
alar � 2 R (homogeneity)4 ku + vk � kuk+ kvk for any ve
tors u; v (triangle inequality)(1): trivial.(2): kuk =px2 + y2 + z2 = 0, x = y = z = 0, u = 0(3): k�uk =p(�x)2 + (�y)2 + (�z)2 = j�j kuk(4): Proved by Cau
hy-S
hwarz inequality2(xy + yz + zx) � x2 + y2 + z2: November 8, 2016 4 / 35



Norm and Inner Produ
t of Ve
tor Ve
tor normVe
tor normGeneralization: s
alar real-valued fun
tion de�ned in any ve
tor spa
e(as well as matrix spa
e, fun
tion spa
e) is 
alled a norm of the
orresponding spa
e if it satis�es all the properties below, and is usedto measure the size of ve
tor (matrix, fun
tion).1 kuk � 02 kuk = 0 i� u � 03 k�uk = j�j kuk for any s
alar � 2 F4 ku + vk � kuk+ kvk for any ve
tors (matri
es, fun
tions) u; vExamples:1-norm kuk1 = nXi=1 jui j2-norm kuk2 =vuut nXi=1 jui j2In�nity-norm kuk1 = max1�i�njui j November 8, 2016 5 / 35



Norm and Inner Produ
t of Ve
tor Ve
tor normAn exampleExample 1Prove that the fun
tion f (u) =Pni=1 jui j is a norm.(Proof) Obviously, f (u) � 0. Se
ondlyf (u) = 0 , jui j = 0 8i , ui = 0 8i , u = 0holds. It is also easy to see thatf (�u) = nXi=1 j�ui j = j�j nXi=1 jui j = j�jf (u):Further, f (u + v) = nXi=1 jui + vi j � nXi=1 (jui j+ jvi j) = f (u) + f (v)is true be
ause the triangle inequality jui + vi j � jui j+ jvi j holds for s
alars. So,this f (u) is indeed a norm. �November 8, 2016 6 / 35



Norm and Inner Produ
t of Ve
tor Inner Produ
t of Ve
torInner Produ
t of Ve
torHow to des
ribe the dire
tion relation between ve
tors, i.e. the anglebetween them?2D Eu
lidean spa
e R2 : ui = [xi yi ℄T (i = 1; 2)ku1 � u2k22 = ku1k22 + ku2k22 � 2 ku1k2 ku2k2 
os � (2)) 
os � = x1x2 + y1y2ku1k2 ku2k2 = uT1 u2ku1k2 ku2k2 : (3)
O xy u1u2 �Figure: Inner produ
t and angel November 8, 2016 7 / 35



Norm and Inner Produ
t of Ve
tor Inner Produ
t of Ve
torInner Produ
t of Ve
toruT1 u2 is a fun
tion mapping two ve
tors into a s
alar, 
alled innerprodu
t and denoted by hu1; u2i := uT1 u2: (4)Then, we have 
os � = hu1; u2iku1k2 ku2k2 ; � 2 [0; �℄: (5)Therefore, inner produ
t and angle have a one-to-one relationship.In ve
tor spa
es with higher dimensions as well as matrix and fun
tionspa
es to be des
ribed later on, the angle 
annot be drawn. So, it isne
essary to use the inner produ
t to de�ne the angle between theelements of ea
h spa
e. November 8, 2016 8 / 35



Norm and Inner Produ
t of Ve
tor Inner Produ
t of Ve
torExampleExample 2Given ve
tors u = � 11 � ; v = � �11 � ; w = � 10 � :Let the angle between u; v be � and the angle between u;w be �.Cal
ulation based on inner produ
t yields
os� = uT vkuk2 kvk2 = 0 ) � = 90Æ;
os � = uTwkuk2 kwk2 = 1p2 ) � = 45Æ:We 
an verify the 
orre
tness of the 
al
ulation by drawing a �gure.November 8, 2016 9 / 35



Norm and Inner Produ
t of Ve
tor Inner Produ
t of Ve
torGeneralizationsInner produ
t between real-valued ve
tors u; v 2 Rnhu; vi := uT v : (6)Inner produ
t between 
omplex-valued ve
tors u; v 2 C nhu; vi := u�v (7)Angle between two ve
tors u; v
os � = <(hu; vi)kuk2 kvk2 ; � 2 [0; �℄: (8)Reason for its de�nitionComplex-valued ve
tor u and real-valued ve
tor � <(u)=(u) � areone-to-one, <(hu; vi) = [<(u) =(u)℄ � <(v)=(v) � :November 8, 2016 10 / 35



Norm and Inner Produ
t of Ve
tor Inner Produ
t of Ve
torProperties of inner produ
t1 hx ; �y + �zi = � hx ; yi+ � hx ; zi holds for any s
alars �; � 2 F.2 hx ; yi = hy ; xi.3 hx ; xi � 0 and hx ; xi = 0 i� x = 0.4 indu
ed norm phu; ui = kuk2Theorem 1For any u; v 2 Fn , the following statements are true.1 jhu; vij � kuk2 kvk2 (Cau
hy-S
hwarz inequality). The equality hodsonly when u = �v (� is a 
onstant), u = 0 or v = 0.2 ku + vk22 + ku � vk22 = 2 kuk22 + 2 kvk22 (Parallelogram law)3 ku + vk22 = kuk22 + kvk22 when u ? v (Pythagoras law)November 8, 2016 11 / 35



Quadrati
 Form and Positive De�nite Matrix Quadrati
 Form and Energy Fun
tionQuadrati
 Form and Energy Fun
tion1 ax21 + 2bx1x2 + 
x22 of ve
tor x = [x1 x2℄T is 
alled a quadrati
 form,usually related with energy of a physi
al system2 Examples: kineti
 energy mv2=2 of a mass m, rotational energyJ!2=2 of a rigid body with inertia J3 System stability, or 
ontrol performan
e are 
losely related to energy,quadrati
 form often en
ountered in systems analysis and design.4 nD 
ase V (x) = nXi=1 nXj=1 bijxixj=(b11x21 + b12x1x2 + � � �+ b1nx1xn) + � � �+ (bn1xnx1 + bn2xnx2 + � � � + bnnx2n ) (9)November 8, 2016 12 / 35



Quadrati
 Form and Positive De�nite Matrix Quadrati
 Form and Energy Fun
tionQuadrati
 Form and Energy Fun
tionUsing xixj = xjxi and settingaii = bii ; aij = aji = bij + bji2 ; i 6= j ; (10)we 
an always write V (x) asV (x) = xTAx ; A = (aij) = AT (11)For example, ax21 + 2bx1x2 + 
x22 = [x1 x2℄ � a bb 
 � � x1x2 � :1 Complex 
ase: x 2 C n V (x) = x�Ax 2 R: (12)November 8, 2016 13 / 35



Quadrati
 Form and Positive De�nite Matrix Positive De�nite/Positive Semi-de�nite Matri
esPositive De�nite/Positive Semi-de�nite Matri
esEnergy is always positive. So the quadrati
 form des
ribing energyshould also be positive.Positive de�nite fun
tion: V (x) = x�Ax > 0 for any x 6= 0Positive semi-de�nite fun
tion: V (x) = x�Ax � 0 for any x 6= 0Positive de�nite matrix: Hermitian matrix A = A� satis�es x�Ax > 0for any x 6= 0, denoted by A > 0.Positive semi-de�nite matrix: x�Ax � 0 for any x 6= 0, denoted byA � 0.Example: B�B � 0 for matrix B* x�B�Bx = kBxk22 � 0 8 x November 8, 2016 14 / 35



Quadrati
 Form and Positive De�nite Matrix Positive De�nite/Positive Semi-de�nite Matri
esPositive De�nite/Positive Semi-de�nite Matri
es
Theorem 2When A 2 Fn�n is Hermitian, the following statements hold.1 A � 0 i� its eigenvalues are all nonnegative.2 A > 0 i� its eigenvalues are all positive.3 When A � 0, there exists B 2 Fn�r su
h that A is de
omposed asA = BB� where r � rank(A).

November 8, 2016 15 / 35



Quadrati
 Form and Positive De�nite Matrix Positive De�nite/Positive Semi-de�nite Matri
esS
hur's LemmaLemma 1 (S
hur's Lemma)Partition Hermitian matrix X = X � asX = � X11 X12X �12 X22 �in whi
h X11;X22 are square. Then, the following statements are true.1 X > 0 i� one of the following 
onditions is satis�ed.1 X22 > 0, X11 � X12X�122 X �12 > 0.2 X11 > 0, X22 � X �12X�111 X12 > 0.2 X � 0 i� one of the following 
onditions holds.1 X22 � 0, KerX22 � KerX12, X11 � X12X y22X �12 � 0.2 X11 � 0, KerX11 � KerX �12, X22 � X �12X y11X12 � 0. November 8, 2016 16 / 35



Norm and Inner Produ
t of Matrix Matrix NormMatrix NormVe
tor mapped by matrix A uAuMatrix 
an be regarded as an ampli�er, and ve
tor as a signal.Matrix norm 
an be regarded as the ampli�
ation rate of signal,de�ned by the ratio of input and output ve
tor norms.Ratio of input and output ve
tor norms is not a 
onstant, varies withthe dire
tion of input ve
tor.Example 3Mapping u1 = [1 0℄T , u2 = [0 1℄T and u3 = [1 1℄T =p2 by A = � 1 23 4 �,we get output ve
tors y1 = [1 3℄T , y2 = [2 4℄T and y3 = [3 7℄T=p2 resp.Therefore, the 2-norm ratio of input and output are resp p10; 2p5; p29.November 8, 2016 17 / 35



Norm and Inner Produ
t of Matrix Matrix NormMatrix Norm kAk1 := supu 6=0 kAuk1kuk1 (13)kAk2 := supu 6=0 kAuk2kuk2 (14)kAk1 := supu 6=0 kAuk1kuk1 (15)1-norm kAk1 = max1�j�n mXi=1 jaij j (
olumn sum)2-norm kAk2 =p�max(A�A)In�nity-norm kAk1 = max1�i�m nXj=1 jaij j (row sum) November 8, 2016 18 / 35



Norm and Inner Produ
t of Matrix Matrix NormExample 4Prove the formula of 1-norm.(Proof) A

ording to the de�nition of ve
tor's 1-norm,kAuk1 = mXi=1 ������ nXj=1 aijuj ������ � mXi=1 nXj=1 jaij jjuj j = nXj=1( mXi=1 jaij j)juj j� max1�j�n mXi=1 jaij j nXj=1 juj j = max1�j�n mXi=1 jaij j kuk1) kAuk1kuk1 � max1�j�n mXi=1 jaij jThis inequality is true for arbitrary ve
tor u. So when the left side takesthe supremum w.r.t to u, the inequality is still satis�ed. That is,kAk1 � maxjPmi=1 jaij j. November 8, 2016 19 / 35



Norm and Inner Produ
t of Matrix Matrix NormNext, assume that the 
olumn sum takes the maximum at the j�-th
olumn, i.e. mXi=1 jaij� j = max1�j�n mXi=1 jaij j:Set u� = ej� , then ku�k = 1 andkAu�k1 = mXi=1 jaij� j = max1�j�n mXi=1 jaij j = max1�j�n mXi=1 jaij j ku�k1) kAu�k1ku�k1 = max1�j�n mXi=1 jaij j ) kAk1 � kAu�k1ku�k1 = max1�j�n mXi=1 jaij j:So, we have kAk1 = max1�j�n mXi=1 jaij j: November 8, 2016 20 / 35



Norm and Inner Produ
t of Matrix Inner Produ
t of MatrixInner Produ
t of MatrixInner produ
t of A;B 2 Fm�n : (Tr denotes tra
e)hA;Bi = Tr(A�B): (16)Why the inner produ
t of matrix is de�ned as su
h?Denote the ith 
olumns of A;B by ai ; bi . Then,Tr(A�B) = nXi=1 a�i bi = ve
(A)�ve
(B) = hve
(A); ve
(B)i : (17)Inner produ
t of matri
es is equal to inner produ
t of the ve
torsformed by their resp 
olumns. November 8, 2016 21 / 35



Norm and Inner Produ
t of Fun
tion Signal NormSignal NormHow to measure a response?Good 
andidatesAbsolute areaMaximal magnitudeSquared area
G- -yd (a) System t

y

(b) Disturban
e responseFigure: Disturban
e attenuation November 8, 2016 22 / 35



Norm and Inner Produ
t of Fun
tion Signal NormFrequently used signal norm1 1-norm (Figure (a).): kuk1 = R10 ju(t)jdt2 2-norm (Figure (b).): kuk2 =qR10 u2(t)dt3 In�nity-norm (Figure (
).): kuk1 = supt2[0;1) ju(t)j
t

u

(a) 1-norm of signal t

2
u

(b) 2-norm of signal t

u

(
) In�nity-norm ofsignalFigure: Signal norms November 8, 2016 23 / 35



Norm and Inner Produ
t of Fun
tion Signal NormAn exampleExample 5Cal
ulate the norms for the signalu(t) = e�3t ; t � 0:(Solution) Cal
ulation following the de�nitions yieldskuk1 = Z 10 e�3tdt = 13 ; kuk2 =sZ 10 e�6tdt = p66 ;kuk1 = maxt�0 je�3t j = 1:Clearly, the values of various norms are di�erent. 5November 8, 2016 24 / 35



Norm and Inner Produ
t of Fun
tion Inner Produ
t of SignalsInner Produ
t of Signals1 Inner produ
t for quadrati
ally integrable signals u(t); v(t)hu; vi = Z 10 u(t)v(t)dt: (18)2 Inner produ
t and norm of periodi
 fun
tionshu; vi = 2T Z T0 uT (t)v(t)dt; (19)kuk =phu; ui =s 2T Z T0 uT (t)u(t)dt: (20)3 How to des
ribe the phase di�eren
e of sine waves? November 8, 2016 25 / 35



Norm and Inner Produ
t of Fun
tion Inner Produ
t of SignalsPhase di�eren
e of Signals1 sin(!t + '): proje
tion on the verti
al axis of a ve
tor rotating
ounter
lo
kwise with an angular velo
ity ! from an initial angle '.2 Phase di�eren
e of sin(!t) and sin(!t � ') 
an be thought of as theangle between two ve
tors rotating at the same speed.3 How to use the inner produ
t to express the phase angle?Example 6Look at u(t) = A sin(!t); v(t) = B sin(!t � ').hu; vi = AB 2T Z T0 sin(!t) sin(!t � ')dt = AB 
os'kuk = A; kvk = B ) 
os' = hu; vikuk kvk :Phase di�eren
e between two sine waves indeed has the same meaning asthe angle between two ve
tors in ve
tor spa
e. November 8, 2016 26 / 35



Norm and Inner Produ
t of Fun
tion Norm and Inner Produ
t of Signals in Frequen
y DomainNorm and Inner Produ
t of Signals in Frequen
y Domain
Inner produ
t Df̂ ; ĝE = 12� Z 1�1 f̂ �(j!)ĝ (j!)d!: (21)Norm kûk2 =s 12� Z 1�1 û�(j!)û(j!)d!: (22)

November 8, 2016 27 / 35



Norm and Inner Produ
t of Fun
tion Norm and Inner Produ
t of Signals in Frequen
y DomainNorm and Inner Produ
t of Signals in Frequen
y DomainLemma 2Assume that ve
tor fun
tions f̂ (s), ĝ(s) are quadrati
ally integrable.Then, the following statements hold.1 Daf̂ ; bĝE = �ab Df̂ ; ĝE for arbitrary a; b 2 C ;2 Df̂ ; f̂ E = 


f̂ 


22;3 Df̂ ;HĝE = DH�f̂ ; ĝE when H(s) has no poles on j! axis;4 If A�(j!)A(j!) = I (8!), then 


Af̂ 


2 = 


f̂ 


2.(4) means that 2-norm is invariant w.r.t. all-pass fun
tionTime domain and frequen
y domain norms/inner produ
ts are equal(Parseval's theorem). November 8, 2016 28 / 35



Norm and Inner Produ
t of Fun
tion Computation of 2-norm and Inner Produ
t of SignalsComputation of 2-norm and Inner Produ
tInner produ
tf̂ (s); ĝ (s) are both stri
tly proper, rational fun
tions (ve
tors) withreal 
oeÆ
ients and have no purely imaginary polesDf̂ ; ĝE =Xi Res<(si )<0 f̂ T (�s)ĝ (s) (23)Ressi denotes the residue at the point si .Norm kgk2 = kĝk2 =sXi Ressi ĝT (�s)ĝ (s): (24)si denotes a pole of ĝ(s). November 8, 2016 29 / 35



Norm and Inner Produ
t of Fun
tion Computation of 2-norm and Inner Produ
t of SignalsComputation of 2-norm and Inner Produ
tExample 7Let u(t) be the input of G (s) = 1=(s + 1), y(t) be the output.(1) Cal
ulate the 2-norm of unit impulse response g(t);(2) For u(t) = e�5t , 
ompute kyk2.(Solution) (1) First, G (�s)G (s) = 1=(1� s)(1 + s) has a pole p = �1 on the lefthalf-plane. The residue at the pole islims!�1(s + 1)G (�s)G (s) = lims!�1(s + 1) 1(1� s)(s + 1) = 12 ) kgk2 = 1=p2:(2) Sin
e û(s) = 1=(s + 5), ŷ (s) is equal to 1=(s + 1)(s + 5) and has two polesp = �1;�5. The residues at the stable poles arelims!�1(s + 1)ŷ(�s)ŷ (s) = 148 ; lims!�5(s + 5)ŷ(�s)ŷ (s) = � 1240 :So, kyk2 = 1=p60. 5November 8, 2016 30 / 35



Norm and Inner Produ
t of Fun
tion Computation of 2-norm and Inner Produ
t of SignalsOrthogonality of fun
tionsLemma 3Assume that f̂ (s) is a stable (ve
tor) fun
tion, ĝ(s) is an antistable(ve
tor) fun
tion without purely imaginary poles, both being stri
tlyproper. Then, there holdDf̂ ; ĝE = 0; 


f̂ + ĝ


22 = 


f̂ 


22 + kĝk22 :This lemma shows that stable fun
tion is orthogonal to antistable fun
tion.(Proof) As f̂ ; ĝ are stri
tly proper and have no imaginary poles, their innerprodu
t exists. Also, sin
e f̂ T (�s)ĝ(s) has no poles on the left-half plane,a

ording to (23) Df̂ ; ĝE = 0 is true. The se
ond equation 
omes fromPythagoras theorem (refer to Theorem 1(3)). �November 8, 2016 31 / 35



Norm and Inner Produ
t of Fun
tion System NormSystem NormH2 norm: kGk2 =s 12� Z 1�1 jG (j!)j2d! =sZ 10 g2(t)dt: (25)g(t) = L�1[G (s)℄: unit impulse response of transfer fun
tion G (s)Impli
ation: H2 norm is the square root of the squared area of thefrequen
y response gain, equal to the square root of the squared areaof unit impulse response. G- -yu November 8, 2016 32 / 35



Norm and Inner Produ
t of Fun
tion System NormSystem NormH1 norm: kGk1 = sup!2(�1;1) jG (j!)j (26)H1 norm is the maximal amplitude of the frequen
y response oftransfer fun
tion. kGk1dB jG (j!)j !H1 norm November 8, 2016 33 / 35



Norm and Inner Produ
t of Fun
tion System NormExampleExample 8Cal
ulate the H2 norm and H1 norm of stable transfer fun
tionG (s) = 10(s + 1)(s + 10) :(Solution) First, we 
al
ulate the unit impulse response of G (s).G (s) = 109 � 1s + 1 � 1s + 10�) g(t) = 109 �e�t � e�10t� ; t � 0:Thus, we get kGk2 =sZ 10 jg(t)j2dt =r 511 : November 8, 2016 34 / 35



Norm and Inner Produ
t of Fun
tion System NormExampleOn the other hand, jG (j!)j2 = 100(!2 + 1)(!2 + 100)The solutions of0 = d jG (j!)j2d! = d jG (j!)j2d!2 d!2d! = 2!d jG (j!)j2d!2are ! = 0 and ! =1. Sin
e jG (j1)j = 0, we �nally getkGk1 = jG (j0)j = 1: November 8, 2016 35 / 35
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