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Introdu
tionIntrodu
tion
1 A nonlinear system 
an be des
ribed as an LPV model.2 Time-varying 
oeÆ
ients of an LPV model are fun
tions of somestates, they 
an be 
al
ulated when these states are measured.3 Therefore, it is possible to 
hange the 
ontroller gain a

ording to thevariation of 
oeÆ
ients in the LPV model.4 Can 
ontrol the LPV system more e�e
tively than 
ontrollers with�xed gains.5 This method is 
alled the gain-s
heduled 
ontrol
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General Stru
tureGeneral Stru
ture1 LPV model _x = A(p(t))x + B(p(t))u (1)y = C (p(t))x : (2)2 Gain-s
heduled 
ontroller_xK = AK (p(t))xK + BK (p(t))y (3)u = CK (p(t))xK + DK (p(t))y : (4)3 Parameters of 
ontroller are 
hanged together with that of thetime-varying parameter ve
tor p(t).4 However, without spe
ifying the stru
ture about the parameter ve
torp(t), 
on
rete design method 
annot be established. De
ember 15, 2016 4 / 48



LFT Type Parametri
 ModelLFT Type Parametri
 Model�(t)
�(t)K (s)

�� ��-
��-        ̀``````̀ duy wPzP
wKzK yu

G (s)e
(a) Stru
ture

Ggs(s)K (s)
�gs(t)- �- �

-- ���� de zP wPzK wKuywK zK
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heduled 
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LFT Type Parametri
 ModelLFT Type Parametri
 Model1 Nominal transfer matrix G (s)_x = Ax + B1wP + B2d + B3u (5)zP = C1x + D11wP + D12d + D13u (6)e = C2x + D21wP + D22d + D23u (7)y = C3x + D31wP + D32d (8)2 d : disturban
e, e: performan
e output, y : measured output and u:
ontrol input3 Stru
ture of un
ertainty �(t)�(t) = diag(Æ1(t)Ir1 ; Æ2(t)Ir2 ; � � � ; Æq(t)Irq ); jÆi (t)j � 1: (9)4 Input-output relationship wP = �(t)zP : (10)De
ember 15, 2016 6 / 48



LFT Type Parametri
 Model Controller Stru
tureController Stru
ture1 Introdu
ing the same LFT stru
ture about �(t) into thegain-s
heduled 
ontroller_xK = AK xK + BK1 wK + BK2 y (11)zK = CK1 xK + DK11 wK + DK12 y (12)u = CK2 xK + DK21 wK + DK22 y : (13)2 Gain-s
heduling signal wK wK = �(t)zK : (14)3 Signal wK relies on �(t), it 
hanges the gain of the 
ontroller online.4 Clearer relation̂u(s) = [K22 + K21�(I ��K11)�1K12℄ŷ(s): (15)Kij(s): a blo
k of the 2� 2 blo
k partition of K (s). De
ember 15, 2016 7 / 48



LFT Type Parametri
 Model Controller Stru
tureLFT Type Parametri
 Model�(t)
�(t)K (s)

�� ��-
��-        ̀``````̀ duy wPzP
wKzK yu

G (s)e
(a) Stru
ture

Ggs(s)K (s)
�gs(t)- �- �

-- ���� de zP wPzK wKuywK zK
(b) Equivalent transformationFigure: LFT type gain-s
heduled 
ontrol systemDe
ember 15, 2016 8 / 48



LFT Type Parametri
 Model Controller Stru
tureEquivalent Transformation1 Figure (b): equivalent system2 State equation of Ggs(s)26666664 _xzKzPewKy
37777775 = 26666664 A 0 B1 B2 0 B30 0 0 0 I 0C1 0 D11 D12 0 D13C2 0 D21 D22 0 D230 I 0 0 0 0C3 0 D31 D32 0 0

3777777526666664 xwKwPdzKu
37777775 : (16)3 Dilated un
ertainty �gs(t) = � �(t) �(t) � : (17)4 Design methods: small gain based H1 
ontrol, � synthesis, s
aledH1 
ontrol and so on. De
ember 15, 2016 9 / 48



LFT Type Parametri
 Model Gain-s
heduled H1 Control Design with S
alingGain-s
heduled H1 Control Design with S
aling1 Performan
e spe
 supkdk2 6=0 kek2kdk2 = kHedk1 < 1: (18)2 Equivalen
e to the robust stability of the CLS when a virtualun
ertainty �P(s) (k�Pk1 � 1) is inserted between d and ediag(�gs ; �P) = diag(�; �; �P):3 S
aled small-gain 
ondition




" L1=2gs I #F`(Ggs ;K )" L�1=2gs I #




1 < 1 (19)4 Stru
ture of s
aling matrixLgs = � L1 L2LT2 L3 � ; Li� = �Li : (20)De
ember 15, 2016 10 / 48



LFT Type Parametri
 Model Gain-s
heduled H1 Control Design with S
alingSolvability ConditionNX = [BT3 DT13 DT23℄?, NY = [C3 D31 D32℄?.NTY �24 YA+ ATY YB1 YB2BT1 Y �L3 0BT2 Y 0 �I 35+ 24 CT1 CT2DT11 DT21DT12 DT22 35� L3 00 I � � C1 D11 D12C2 D21 D22 ��NY< 0 (21)NTX �24 AX + XAT XCT1 XCT2C1X �J3 0C2X 0 �I 35+ 24 B1 B2D11 D12D21 D22 35� J3 00 I � � BT1 DT11 DT21BT2 DT12 DT22 ��NX< 0 (22)� X II Y � > 0; � L3 II J3 � � 0; L3 > 0; J3 > 0 (23)
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LFT Type Parametri
 Model Computation of ControllerComputation of Controller1 Matrix fa
torization:MMT = Y � X�1; NTN = L3 � J�13 : (24)2 Lyapunov matrix P and s
aling matrix L:P = � Y MMT I � ; L = � I NNT L3 � ; La = diag(L; Ine ); Ja = L�1a :(25)3 Solve the LMI Q + ETKF + FTKTE < 0 (26)to get the 
oeÆ
ient matrix K of the 
ontroller. De
ember 15, 2016 12 / 48



LFT Type Parametri
 Model Computation of ControllerComputation of ControllerK = 24 DK11 DK12 CK1DK21 DK22 CK2BK1 BK2 AK 35 (27)� Q ETF � = 26664 ATP + PA PB1 CT1 PB2BT1 P �La DT11 0C 1 D11 �Ja D12C 2 D21 0 37775 (28)
24 A B1 B2C 1 D11 D12C 2 D21 35 = 266666666664

A 0 0 B1 B2 0 B3 00 0 0 0 0 0 0 I0 0 0 0 0 I 0 0C1 0 0 D11 D12 0 D13 0C2 0 0 D21 D22 0 D23 00 0 I 0 0C3 0 0 D31 D320 I 0 0 0
377777777775 : (29)De
ember 15, 2016 13 / 48



Case study: Stabilization of a uni
y
le robotCase study: Stabilization of a uni
y
le robot

Figure: Uni
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y
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Case study: Stabilization of a uni
y
le robotGyro A
tuator1 Me
hanism of torque generation: when a 
y-wheel rotating along zaxis at speed !z is rotated along y axis at speed !y , a torque� = �Iz!z!y (30)is generated along x axis (left side).2 � : 
alled gyro-moment, 
ontributes to lateral stabilization.
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an
ellation of yawing torqueDe
ember 15, 2016 15 / 48



Case study: Stabilization of a uni
y
le robotGyro A
tuator1 When the pit
h angle along x axis is �, the torque �roll in the lateraldire
tion about x axis is�roll = �Iz!z 
os �!y = �R(�)!y (31)2 R(�) = Iz!z 
os �: 
oeÆ
ient of gyro-moment.
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ellation of yawing torqueDe
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Case study: Stabilization of a uni
y
le robotLPV Model1 CoeÆ
ients of gyro-moments 
hange signi�
antly during the motion,parti
ularly when a lateral for
e disturban
e is applied at the robotR1(�2; �3) = R1 
os(�2 + �3); R2(�2; �5) = R2 
os(�2 + �5); (32)2 Sin
e �2 � 0, we haveR1(�2; �3) � R1(�3) = R1 +�R1Æ1(t)R2(�2; �5) � R2(�5) = R2 +�R2Æ2(t)3 LPV model E _x =  A+ 2Xi=1 Æi (t)Ai! x + Bu (33)y = Cx : (34)De
ember 15, 2016 17 / 48



Case study: Stabilization of a uni
y
le robot Control DesignDisturban
e and Performan
e Output1 Disturban
e: external for
e, for
e disturban
e due to power 
able,unbalan
e due to assembly error.2 Modeled as 2 for
es a
ting at �� (longitudinal) and ��1 (lateral)E _x =  A+ 2Xi=1 Æi(t)Ai! x + Hd + Bu (35)3 Performan
e output�e = [�; �3; �5; _�; _�1; _�2℄T = Mx4 Tra
king error �� r for the tra
king of referen
e r(t) by �(t);_�1; _�2 to keep the posture balan
e;�3; �5 to keep them zeros in the the steady-state. De
ember 15, 2016 18 / 48



Case study: Stabilization of a uni
y
le robot Control DesignGeneralized Plant
G (s) ��� �6? WdWe �e� �wpzp

Wu- hWN- -? - d
uyn eue Gp(s)

h6� h?-Wref-r
Figure: Blo
k diagram of generalized plantDe
ember 15, 2016 19 / 48



Case study: Stabilization of a uni
y
le robot Control DesignGeneralized Plant and Weights
G (s) = 2664 E�1A E�1L E�1H E�1BW 0 0 0M 0 0 0C 0 0 D 3775 (36)We = diag�W�; W�3 ; W�5 ; W _�1 ; W _�2� (37)Wu = diag (W�1 ; W�2 ; W�3) (38)Wd = diag (Wd1 ; Wd2) (39)Wref = � �Wr 0 0 0 0 �T (40)WN = � 0 0 0 Wn4 0 �T (41)De
ember 15, 2016 20 / 48



Case study: Stabilization of a uni
y
le robot Control Design1 Spe
: for all �(t), ensure supdp kepk2kdpk2 < 
 (42)2 Constant-s
aled small gain 
onditionkS�1Fl(Ggs ;K )SJ
k1 < 1 (43)J
 � diag(I ; I=
), S permutable with diag(�; �; �p).3 Working ranges presumed as j�3j; j�5j � �4 ; perturbation ranges:�Ri = jRi � (
os �4 � 1)j � Ri � 0:3; i = 1; 24 WeightsW� = 0:2s + 4s + 0:0001 ; W�3 = W�5 = 0:3s + 3s + 0:0001 ; W _�1 = W _�2 = 0:01W�1 = 0:5s + 1s + 1000 � 103; W�2 = W�3 = 4s + 40s + 2000 � 103Wd1 = 0:02; Wd2 = 0:03; Wr = 0:1; Wn = 0:001 De
ember 15, 2016 21 / 48



Case study: Stabilization of a uni
y
le robot Control DesignDesigned Controller: 
 = 0:961, order=161 Signi�
ant variation observed in the 
ontrollers:_�1 7! �1; (�; �3; �5; _�2) 7! �2; (�; �3; �5; _�2) 7! �3.2 Controller from _�1 to �1 shown in the �gure
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Case study: Stabilization of a uni
y
le robot Experiment resultsPosture stabilization1 Zero average velo
ities, good stability.
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Case study: Stabilization of a uni
y
le robot Experiment resultsDisturban
e Attenuation1 For
e disturban
e applied in the longitudinal and lateral dire
tions at17 se
 and 21 se
.
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e disturban
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Case study: Stabilization of a uni
y
le robot Experiment resultsDisturban
e Attenuation
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Case study: Stabilization of a uni
y
le robot Experiment resultsRunning Experiment1 Move a distan
e of 40 
m.
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Figure: Longitudinal running: � De
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AÆne LPV ModelAÆne LPV Model
_x = A(p(t))x + B1(p(t))d + B2(p(t))u (44)z = C1(p(t))x + D11d + D12u (45)y = C2(p(t))x + D21d (46)1 All 
oeÆ
ient matri
es are known ex
ept the time-varying parameterp(t), su
h as A(p) = A0 +Pqi=1 pi (t)Ai .2 Ea
h time-varying parameter 
an be measured online, and in a rangepi(Æ) 2 [pim; piM ℄; i = 1; : : : ; q (47)De
ember 15, 2016 27 / 48



AÆne LPV Model Easy-to-Design Stru
ture of Gain-S
heduled ControllerGain-S
heduled Controller_xK = AK (p(t))xK + BK (p(t))y (48)u = CK (p(t))xK + DK (p(t))yAK (p) = AK0 +Pqi=1 pi(t)AKi , et
.1 State ve
tor of the 
losed-loop system: [xT xTK ℄T2 State equation of CLS_� = A
(p)� + B
(p)d ; z = C
(p)� +D
(p)d (49)A
(p) = � A(p) + B2(p)DK (p)C2(p) B2(p)CK (p)BK (p)C2(p) AK (p) �B
(p) = � B1(p) + B2(p)DK (p)D21BK (p)D21 � (50)C
(p) = � C1(p) + D12DK (p)C2(p) D12CK (p) �D
(p) = D11 + D12DK (p)D21: De
ember 15, 2016 28 / 48



AÆne LPV Model Easy-to-Design Stru
ture of Gain-S
heduled ControllerEasy-to-Design Stru
ture of Gain-S
heduled ControllerNe
essary to ensure the 
oeÆ
ient matri
es of CLS are aÆne fun
tions s.t.we 
an redu
e the design to vertex 
onditions.When matri
es (B2(p);C2(p)) both depend on p(t), (BK ;CK ) mustbe 
onstant matri
es besides DK = 0.When (B2;C2) are both 
onstant matri
es, all 
oeÆ
ient matri
es ofthe 
ontroller 
an be aÆne fun
tions of the s
heduling parameter.When only B2 is a 
onstant matrix, (BK ;DK ) must be 
onstantmatri
es.When only C2 is a 
onstant matrix, (CK ;DK ) must be 
onstantmatri
es. De
ember 15, 2016 29 / 48



AÆne LPV Model Easy-to-Design Stru
ture of Gain-S
heduled ControllerPros and ConsMerits of aÆne model1 A good 
ompatibility with pra
ti
al systems, greatly simpli�es thenumeri
al design.2 Lyapunov method 
an be applied and the 
onservatism is weaker thanthe small gain method for parametri
 un
ertainty.3 By the use of 
ommon Lyapunov fun
tion, it is easy to 
arry outmulti-obje
tive 
ontrol designShort
oming: all the time-varying parameters must be known, otherwisethe design would be rather diÆ
ult.
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AÆne LPV Model Robust Multi-Obje
tive ControlRobust Multi-Obje
tive Control1 New variables in variable 
hange methodA = NAKMT + NBKC2X + YB2CKMT + Y (A+ B2DKC2)XB = NBK + YB2DK ; C = CKMT + DKC2X ; D = DK :2 When the 
oeÆ
ient matri
es of CLS are all aÆne in p(t),A (p) = A 0 + qXi=1 pi (t)A i ; B (p) = B 0 + qXi=1 pi (t)B i � � � (51)3 Design based on the vertex 
onditions yields the 
onstant matri
es(A i ; B i ; C i ; D i ) (i = 0; 1; : : : ; q)4 From them we 
an 
ompute the 
ontroller. For example, when(B2;C2) are both 
onstant matri
es, we haveDKi = D i ; CKi = (C i � DKiC2X )(My)T ; BKi = Ny(B i � YB2DKi )AKi = Ny(A i � NBKiC2X � YB2CKiMT � Y (Ai + B2DKiC2)X )(My)T :(52)De
ember 15, 2016 31 / 48



AÆne LPV Model Robust Multi-Obje
tive ControlH1 Norm Spe
i�
ationkHzwk1 < 1 ifHe2664 A(�j )X + (B2C )(�j ) A(�j ) + (B2DC2 )(�j ) B1(�j ) + (B2D)(�j )D21 0A (�j ) YA(�j ) + (BC2 )(�j ) YB1(�j ) + B(�j )D21 00 0 � 12 I 0C1(�j )X + D12C (�j ) C1(�j ) + D12(DC2 )(�j ) D11 + D12DD21 � 12 I 3775< 0 (53)� X II Y � > 0: (54)hold for j = 1; : : : ;N.
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AÆne LPV Model Robust Multi-Obje
tive ControlH2 Norm spe
i�
ationkHzwk1 < 
 ifHe24 A(�j)X + (B2C )(�j ) A(�j) 0A (�j ) YA(�j) + (BC2)(�j ) 0C1(�j)X + D12C (�j ) C1(�j) �12 I 35 < 0 (55)24 W B1(�j)T B1(�j)TYB1(�j) X IYB1(�j) I Y 35 > 0 (56)Tr(W ) < 
2: (57)hold for j = 1; : : : ;N. De
ember 15, 2016 33 / 48



AÆne LPV Model Robust Multi-Obje
tive ControlRegional Pole Pla
ementPoles of LPV system are pla
ed to LMI regionD = fz 2 C : L+ zM + zMT < 0gif He�M 
 � A(�j)X + (B2C )(�j ) A(�j) + (B2DC2)(�j )A (�j ) YA(�j) + (BC2)(�j ) ��+ L
 � X II Y � < 0 (58)� X II Y � > 0: (59)hold for j = 1; : : : ;N. De
ember 15, 2016 34 / 48



AÆne LPV Model Robust Multi-Obje
tive ControlDetailsDisk 
entered at (�
 ; 0) and with a radius rHe�� 0 10 0 �
 � A(�j)X + (B2C )(�j ) A(�j) + (B2DC2)(�j)A (�j ) YA(�j) + (BC2 )(�j) ��+ � �r 

 �r �
 � X II Y � < 0 (60)� X II Y � > 0: (61)
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AÆne LPV Model Robust Multi-Obje
tive ControlDetails
Half-Plane <(z) < ��2� � X II Y �+He � A(�j)X + (B2C )(�j ) A(�j) + (B2DC2)(�j )A (�j ) YA(�j) + (BC2)(�j ) � < 0(62)� X II Y � > 0: (63)
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AÆne LPV Model Robust Multi-Obje
tive ControlDetails
Se
tor j arg z � �j < �He�� sin � 
os �� 
os � x sin � �
 � A(�j)X + (B2C )(�j ) A(�j) + (B2DC2 )(�j)A (�j ) YA(�j) + (BC2 )(�j) ��< 0 (64)� X II Y � > 0: (65)
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Case study: Transient stabilization of power systemCase study: Transient stabilization of power system
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FFigure: Single-ma
hine in�nite-bus power system
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Case study: Transient stabilization of power systemSingle-ma
hine in�nite-bus power system_Æ = ! � !0 (66)_! = !0M PM � !0M Pe � DM (! � !0) (67)_E 0q = � 1T 0d E 0q + xd � x 0dTd0x 0d�Vs 
os Æ + 1Td0Vf : (68)Pe = E 0qVsx 0d� sin Æ � V 2s2 xd � x 0dx 0d�xd� sin 2Æ: (69)1 Transient stability: stability in fa
e of short-
ir
uit fault2 Equilibrium of power system: (Æ0; !0; E 0q0; Vf 0).3 Goal of 
ontrol: restore the deviated states ba
k to the equilibrium,i.e. the stabilization of error statesx1 = Æ � Æ0; x2 = ! � !0; x3 = E 0q � E 0q0:De
ember 15, 2016 39 / 48



Case study: Transient stabilization of power system LPV modelLPV modelPre-feedba
k in the �eld voltage:Vf = �Vf � xd � x 0dx 0d� Vs 
os Æ (70)Dynami
s of internal transient voltage E 0q_E 0q = 1Td0 ��xd�x 0d�E 0q + xd � x 0dx 0d� Vs 
os Æ + Vf� = 1Td0 ��xd�x 0d�E 0q + �Vf�(71)Two time-varying parametersp1(Æ) = k1(sin Æ � sin Æ0)� k2(sin 2Æ � sin 2Æ0)Æ � Æ0 ; p2(Æ) = sin ÆDe
ember 15, 2016 40 / 48



Case study: Transient stabilization of power system LPV modelLPV model2-parameter LPV model� _x = A(p)x + B1d + B2uy = C2x : (72)A(p) = 24 0 1 0
1p1(Æ) 
2 
3p2(Æ)0 0 
5 35 = A0 + p1A1 + p2A2: (73)u = �Vf � �Vf 0Rotor angle Æ is measured. De
ember 15, 2016 41 / 48



Case study: Transient stabilization of power system Multi-Obje
tive DesignMulti-Obje
tive Design1 To add damping to the power system, eigenvalues of the LPV systemare pla
ed in a disk region.2 However, the swing of a
tive power and rotor speed does not fade outqui
kly enough be
ause of the saturation of �eld voltage.3 Rotor angle Æ diverges �rst whi
h 
auses the divergen
e of othervariables. So, the amplitude of Æ should be minimized.supjjdjj2 6=0 jjz jj2jjd jj2 � 
; z = Æ � Æ0 = C1x : (74)4 Generalized plant G (s) = 24 A(p) B1 B2C1 0 0C2 0 0 35 : (75)De
ember 15, 2016 42 / 48



Case study: Transient stabilization of power system Simulation ResultsSimulator1 Dynami
s of ex
iter: a 1st-order transfer fun
tion with a limiter:KA1 + sTA ; TA = 0:05; KA = 502 Limit on the �eld voltage0:0 [pu℄ � Vf (t) � 5:0 [pu℄:
Nonlinear Model

Controller
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fmax
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V
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δ
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δ
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Case study: Transient stabilization of power system Simulation ResultsFault sequen
e and ParametersStep1: A fault o

urs at t = 0:0 se
;Step2: Fault is 
leared by opening the breakers of the faulted line attF = 0:168 se
;Step3: System operates in a post-fault state.1 Parameters of the nonlinear power systemD = 0:15; M = 7:00; Td0 = 8:00; Vs = 0:995xd = 1:81; x 0d = 0:30; xl1 = 0:5; xl2 = 0:93; xT = 0:15:2 Operating pointÆ0 = 0:8807(� 50:5Æ); !0 = 314; E 0q0 = 1:3228; Vf 0 = 2:6657:3 Range of Æ: assumed to be [40Æ; 90Æ℄ in the design.4 Disk 
entered at (�8; j0) and with a radius r = 6. De
ember 15, 2016 44 / 48



Case study: Transient stabilization of power system Simulation ResultsRobustness Test
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Case study: Transient stabilization of power system Simulation ResultsRobustness Test
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Case study: Transient stabilization of power system Simulation ResultsPSS1 Philosophy of PSS: add a damping signal to the AVR (Automati
Voltage Regulator) referen
e input through a phase lead 
ompensator2 PSS 
ontrollerKPSS(s) = Kg � sTw1 + sTw ��1 + sT11 + sT2�2 (76)Kg = 0:3; Tw = 0:1; T1 = 0:1; T2 = 0:05:
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Figure: Blo
k diagram of PSS De
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Case study: Transient stabilization of power system Simulation ResultsComparison with PSS1 Gain-s
heduled 
ontrol damps the os
illation faster than the PSS andthe os
illation amplitude is smaller.
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