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Engineering ba
kground Industrial examplesEngineering Ba
kground: HDDHard disk is 
ommonly used as the data storage for 
omputers.The rigid body model is a double-integrator (solid line).The arm has numerous resonant modes in the high frequen
y bandwhi
h vary with the manufa
turing error.Need to design the 
ontrol system based on the rigid body model.
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Engineering ba
kground Industrial examplesEngineering Ba
kground: 2-mass-spring systemEssentially a motor drive system in whi
h the motor and load are
onne
ted through a shaft.Purpose: 
ontrol of the load speed indire
tly by 
ontrolling the motorinertia moment.Typi
al examples: DVD drive in home ele
troni
s, rolling mill in steelfa
tory.Load inertia and shaft spring 
onstant vary with appli
ation.
loadmotor �

!M u !L d(a) 2-mass-spring system (b) Motor driveFigure: Motor drive systemKang-Zhi Liu (Chiba University) Advan
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Engineering ba
kground Industrial examplesEngineering Ba
kground: 2-mass-spring systemJM : motor inertia moment, k : shaft spring 
onstant, JL:load inertiamoment,!M : motor speed, !L: load speed, �: torsional angle of shaft, u:motor torque, d : torque disturban
e a
ting on the load.Equations of moment balan
e and speedJL _!L + DL!L = k�+ d_� = !M � !LJM _!M + DM!M + k� = u:State equation: x = [!L � !M ℄T_x = 264 �DLJL kJL 0�1 0 10 � kJM �DMJM 375 x + 24 1JL00 35 d + 24 001JM 35 u (1)y = !M = [0 0 1℄x : (2)Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 8 / 20



Engineering ba
kground Adverse impa
t of model un
ertaintyAdverse impa
t of model un
ertaintySimpli�ed dynami
s of HDD~P(s) = 1s2 � 0:1� !2ns2 + 2�!ns + !2n ; � = 0:02; !n = 5:Design based on rigid body model P(s) = 1=s2: damping ratio 1=2,natural frequen
y 4 [rad/se
℄Chara
teristi
 polynomial p(s) = s2 + 4s + 16PD 
ompensator K (s) = 4(s + 4)Chara
teristi
 polynomial of the a
tual 
losed-loop~p(s) = s4 � 5:8s3 + 1:8s2 + 103:2s + 400Closed-loop poles5:2768 � j3:8875; �2:3768 � j1:9357;Closed-loop system not only fails to a
hieve performan
eimprovement, but also losses the stability (spillover).Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 9 / 20



Engineering ba
kground Adverse impa
t of model un
ertaintyAdverse impa
t of model un
ertaintyReason: Roll-o� of 
ontroller gain is not suÆ
ient near !n = 5 whi
hex
ites the resonant mode.
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Methodologies of Robust ControlMethodologies of Robust Control
1 Fundamental of robust 
ontrol2 Small gain approa
h3 Positive real method4 Lyapunov method5 Robust regional pole pla
ement6 Gain-s
heduling
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Methodologies of Robust ControlFundamentals of robust 
ontrolNyquist stability 
riterionSuppose that M(s);�(s) are stable. Then, the 
losed loop system isstable i� the loop gain M(j!)�(j!) does not en
ir
le the 
riti
alpoint (�1; j0).1 Small-gain: jM(j!)�(j!)j < 1 for all frequen
ies2 Passivity: argM(j!) + arg�(j!) 6= �180Æ for all frequen
ies�My u�
Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 12 / 20



Methodologies of Robust Control Small Gain Approa
hSmall Gain Approa
hSystem model: P(s), A
tual system: ~P(s)Simplest un
ertainty model�(s) := ~P(s)� P(s), ~P(s) = P(s) + �(s): (3)Un
ertainty modeling: gain bound0 � j�(j!)j � jW (j!)j 8!: (4)W (s) is a bounding fun
tion of un
ertainty �(s)Stability 
ondition (small gain 
ondition)jM(j!)�(j!)j < 1 8! , jM(j!)W (j!)j < 1 8! (5)Loop gain L(s) = M(s)�(s) never en
ir
les (�1; j0)M(s) = K1 + PK �My u�Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 13 / 20



Methodologies of Robust Control Positive Real MethodPositive Real MethodUn
ertainty modeling: phase bound�90Æ � arg�(j!) � 90Æ 8! , <[�(j!)℄ � 0 8! (6)Stability 
ondition (positive real 
ondition)�90Æ < argM(j!) < 90Æ 8! , <[M(j!)℄ > 0 8!: (7)Phase angle L(s) = M(s)�(s) is never equal to �180Æ s.t. L(j!)does not en
ir
le the 
riti
al point (�1; j0)Positive real fun
tion: a transfer fun
tion satisfying <[G (j!)℄ � 0 8 !M(s) = K1 + PK �My u�Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 14 / 20



Methodologies of Robust Control Lyapunov MethodLyapunov MethodBasi
 idea of Lyapunov stability theory_x = Ax ; x(0) 6= 0:Quadrati
 Lyapunov fun
tion (Energy)V (x) = xTPx ; P > 0When the energy is stri
tly de
reasing_V (x) < 0 8x(0) 6= 0) limt!0V (x(t)) = 0) limt!0 x(t) = 0Stability 
ondition ATP + PA < 0:E�e
tive in handling parameter un
ertainty due to its state spa
e
hara
terEven if A is un
ertain, the stability is se
ured so long if there exists a
onstant matrix P > 0 satisfying this inequality (Quadrati
 Stability).Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 15 / 20



Methodologies of Robust Control Robust Regional Pole Pla
ementRobust Regional Pole Pla
ement1 Response speed is determined by poles' positions2 For a system with parameter un
ertainty, it is not possible to pla
e itspoles at spe
i�ed points3 However, pla
ing its poles in a region on the 
omplex plane is possible
0�r
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Figure: Regional pole pla
ementKang-Zhi Liu (Chiba University) Advan
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Methodologies of Robust Control Gain-S
hedulingGain-S
heduling
Response design is diÆ
ult for nonlinear systemsMany nonlinear systems 
an be des
ribed as linear systems withtime-varying parameters, 
alled linear parameter varying (LPV).When the states 
ontained in the parameters of LPV system 
an bemeasured online, the time-varying parameters 
an be 
omputed.Let the 
ontroller parameters vary with the time-varying parameters,it is possible to obtain a better 
ontrol performan
e.
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Methodologies of Robust Control Gain-S
heduling1-link armMotion equation J �� +mgl sin � = u:Set p(t) = sin �=�, thenJ ��(t) +mglp(t)�(t) = u(t):LPV system with a bounded time-varying parameter p(t)jp(t)j = ���� sin �(t)�(t) ���� � 1When we use the 
ontrol inputu(t) = mglp(t)�(t)� 2�!nJ _�(t)� !2nJ�(t);Chara
teristi
 polynomial of CLS be
omes�� + 2�!n _� + !2n� = 0:By adjusting �; !n, we 
an easily a
hieve a high performan
e.In fa
t, the �rst term is a nonlinear term mgl sin �.Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 18 / 20



A Brief History of Robust ControlA Brief History of Robust Control1 Indire
t 
onsideration (Up to 1960's)Stability margins (gain margin, phase margin) against modelun
ertainty in the high frequen
y domain, online tuning2 Modern 
ontrol theory: un
ertainty ex
luded (1960's-1970's)Pole pla
ement, LQG (least quadrati
 Gaussian) optimal 
ontrol,dire
t implementation was rare, low-pass �lter always needed.3 Sensitivity analysis (Cruze, 1960's)Relative 
hange of 
losed loop transfer fun
tionH(s) = L(s)1 + L(s) ; lim�L!0 �H=H�L=L = 11 + L := S(s)Valid only for very small perturbations, has nothing to do withun
ertainty dynami
s.Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 19 / 20



A Brief History of Robust ControlA Brief History of Robust Control1 1970's-1980'sZames (H1 norm measurement of system performan
e, sensitivityanalysis) and Doyle-Stein (small gain prin
iple). Both believe that themodel un
ertainty should be modeled by its gain bound.2 H1 
ontrol (1980's)Operator theory (Zames, Fran
is, Doyle), Nevanlinna-Pi
kinterpolation theory (Kimura), state spa
e approa
h (Doyle), Ri

atiEquation solution (Doyle-Glover, DGKF)3 LMI (linear matrix inequality) approa
h (1990's)Fren
h s
hool (Gahinet, et al.): H1 
ontrol, regional pole pla
ement,gain-s
heduling4 OthersIntrodu
tion of un
ertainty phase (Haddad-Berstein, Tits, Peterson),5 21st 
enturyLiu (ultimate robust performan
e design, utilization of un
ertaintygain and phase, input/output approa
h)Kang-Zhi Liu (Chiba University) Advan
ed Robust Control Theory and Its Appli
ations November 7, 2016 20 / 20
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