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Parseval's TheoremParseval's TheoremTheorem 1 (Parseval's theorem)Signal vetors f (t); f1(t); f2(t) 2 Rn have Fourier transformsf̂ (j!); f̂1(j!); f̂2(j!) resp.1 Inner produt in time domain is equal to that in freq domainZ 10 f T1 (t)f2(t)dt = 12� Z 1�1 f̂ �1 (j!)f̂2(j!)d!: (1)2 2-norm in time domain is equal to that in freq domain:Z 10 kf (t)k2 dt = 12� Z 1�1 f̂ (j!)2 d!: (2)R10 kf (t)k2 dt represents the energy of signal f (t). In this sense, f̂ (j!)2an be regarded as the energy density at !, alled power spetrum.November 12, 2016 4 / 28



Parseval's TheoremExampleExponentially onvergent signalf (t) = e�t 8t � 0 , f̂ (j!) = 1j! + 1Left side of (2) Z 10 (e�t)2dt = Z 10 e�2tdt = 12 :Right side of (2)12� Z 1�1 jf̂ (j!)j2d! = 12� Z 1�1 1!2 + 1d! = 12� artan!���1�1 = 12 :Obviously, both sides are equal. November 12, 2016 5 / 28



Parseval's TheoremExampleIn this example, the power spetrum is jf̂ (j!)j2 = 1=(!2 + 1). It is learthat the energy mainly onentrates in the low frequeny band.
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Parseval's TheoremSystem impliation1 In ontrol design, it is very important to fully grasp the powerspetrum of a signal.2 When the signal is a disturbane, the losed-loop system gain needsto be rolled-o� in the frequeny band where the power spetrum ofdisturbane is big in order to attenuate its inuene on the systemoutput.3 In this example, this band is roughly 0 � ! � 6[rad/s℄.4 Finally, a power spetrum is the square of the gain of a signal'sfrequeny response. So we an apture the harateristi of a signalfrom its gain of frequeny response. November 12, 2016 7 / 28



KYP LemmaKYP LemmaTheorem 2 (KYP lemma)Given matries A 2 Rn�n ;B 2 Rn�m ;M = MT 2 R(n+m)�(n+m) . Assumethat A has no eigenvalues on the imaginary axis and (A;B) is ontrollable.Then the following statements are equivalent.1 For all ! inluding the in�nity, there holds� (j!I � A)�1BI ��M � (j!I � A)�1BI � � 0: (3)2 9P = PT 2 Rn�n satisfyingM + � ATP + PA PBBTP 0 � � 0: (4)When both are strit inequalities, the equivalene is still true and (A;B)needs not be ontrollable."Elegant" is the best word for this equivalene. November 12, 2016 8 / 28



KYP Lemma Appliation in bounded real LemmaAppliation in bounded real lemma1 Gain property about a stable transfer matrix G (s):G �(j!)G (j!) < 2I 8! 2 [0; 1℄: (5)2 Equivalent to the H1 norm ondition kGk1 < 3 Equivalent expressionG (s) = C (sI � A)�1B + D = [C D℄ � (sI � A)�1BI �)� (j!I � A)�1BI �� � CTC CTDDTC DTD � � (j!I � A)�1BI � < 2I ,� (j!I � A)�1BI �� � CTC CTDDTC DTD � 2I � � (j!I � A)�1BI � < 0:(6)November 12, 2016 9 / 28



KYP Lemma Appliation in bounded real LemmaAppliation in bounded real LemmaAppliation of KYP lemma: 9P = PT satisfying� CTC CTDDTC DTD � 2I �+ � ATP + PA PBBTP 0 � < 0: (7)Lemma 1 (Bounded real lemma)Given G (s) = (A;B ;C ;D), the following statements are equivalent:1 A is stable and kGk1 < ;2 There exists a positive de�nite matrix P satisfying24 ATP + PA PB CTBTP �I DTC D �I 35 < 0: (8)November 12, 2016 10 / 28



KYP Lemma Appliation in bounded real LemmaAppliation in bounded real Lemma(Proof) Dividing both sides of inequality (7) with  and renaming P= as P , (7)an be written as� ATP + PA PBBTP �I �� � CTDT � � (�I )�1 � � C D � < 0:It follows from Shur's lemma that (8) is equivalent to (7). Finally, we need onlyprove that the stability of A is equivalent to P > 0. Sine the (1; 1) blok of (8) isPA+ ATP < 0;the equivalene is immediate by Lyapunov's stability theory. �
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KYP Lemma Appliation in bounded real LemmaExample G (s) = as2 + 2s + 2 = 24 0 1 0�2 �2 1a 0 0 35 ; a > 01 Bode plot shows that its largest gain is a=2.2 H1 norm of G (s) is less than 1 (i.e.  = 1) i� a < 2.3 When a = 1:9, LMI (8) has a positive de�nite solutionP = � 3:8024 1:52531:5253 1:8265 �4 However, when a � 2, no positive de�nite solution exists for (8).5 This implies that we an use the bounded real lemma to alulate theH1 norm of transfer matries.6 Calulation of H1 norm: Redue  gradually until there is nopositive de�nite solutions for (8). The last  is the H1 norm.November 12, 2016 12 / 28



KYP Lemma Time-domain interpretation of bounded real lemmaTime-domain interpretation of bounded real lemmaG (s) : _x = Ax + Bu; y = Cx + Du:Quadrati funtion V (x) = xTPx > 0 (9)Multiplying the inequality (7) by � xu �, we get0 > xT (ATP + PA)x + xTPBu + uTBTPx + xTCTCx+ xTCTDu + uTDTCx + uT (DTD � I )u= xTP(Ax + Bu) + (Ax + Bu)TPx + (Cx + Du)T (Cx + Du)� uTu= xTP _x + _xTPx + yT y � uTu:Sine _V = xTP _x + _xTPx , _V (x) < uTu � yT y (10)November 12, 2016 13 / 28



KYP Lemma Time-domain interpretation of bounded real lemmaTime-domain interpretation of bounded real lemmaAfter integration, we haveV (x(t)) < V (x(0)) + Z t0 [uT (�)u(�) � yT (�)y(�)℄d�: (11)1 uTu; yT y are the input and output powers, their di�erene is thepower supplied to the system. After integration it beomes the energysupplied to the system.2 V (x) an be regard as a storage funtion of the system energy.3 This inequality implies that the variation of the energy stored in asystem is less than the energy supplied by the input.4 A bounded real system onsumes a part of the energy supplied by theinput. So, it is alled a dissipative system. November 12, 2016 14 / 28



KYP Lemma Appliation in positive real LemmaPositive real funtionG �(j!) + G (j!) � 0 8! 2 [0; 1℄ (12)1 Numbers of input and output must be equal2 Salar ase: left side equals twie of <[G (j!)℄, thus it is non-negative.3 System viewpoint: phase angle of a PR funtion is limited in[�90Æ; 90Æ℄4 Relative degree does not exeed 1Im Re0
Figure: Nyquist diagram of a positive real funtionNovember 12, 2016 15 / 28



KYP Lemma Appliation in positive real LemmaPositive real funtion
Example: it an be judged from the Nyquist diagram that transferfuntion G (s) = 1=(s + 1) is positive real.Some unstable systems may also have a frequeny property like (12).For example,G (s) = s � 1s � 2 ) <[G (j!)℄ = < � j! � 1j! � 2� = 2 + !24 + !2 > 0;thus it satis�es the ondition (12).
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KYP Lemma Appliation in positive real LemmaAppliation in positive real LemmaEquivalent onditions of inequality (12)� (j!I � A)�1BI �� � CTDT �+ [C D℄ � (j!I � A)�1BI � � 0:� � (j!I � A)�1BI �� � 0 CTC D + DT � � (j!I � A)�1BI � � 0By KYP lemma, when (A;B) is ontrollable there is a symmetri matrix Psatisfying � ATP + PA PBBTP 0 �� � 0 CTC D + DT � � 0: (13)
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KYP Lemma Appliation in positive real LemmaAppliation in positive real LemmaLemma 2 (Positive real lemma)Let (A;B ;C ;D) be a minimal realization of G (s) and matrix A be stable.Then the following statements are equivalent:(1) G (s) satis�es the positive real ondition (12);(2) There is a matrix P > 0 satisfying inequality (13);(3) There is a matrix P > 0 and a full row rank matrix [L W ℄ satisfying� ATP + PA PBBTP 0 �� � 0 CTC D + DT � = � � LTW T � [L W ℄: (14)
November 12, 2016 18 / 28



KYP Lemma Appliation in positive real LemmaExample G (s) = s + as2 + 2s + 2 = 24 0 1 0�2 �2 1a 1 0 35 :1 Real part of its frequeny response<[G (j!)℄ = < � a+ j!2� !2 + j2!� = 2a + (2� a)!2(2� !2)2 + 4!2 :2 For all !, the ondition for <[G (j!)℄ > 0 is2a > 0; 2� a � 0) 0 < a � 2:3 LMI (13) has a positive de�nite solutionP = h 4:0 1:01:0 1:0 ifor a = 1, but no positive de�nite solution exists for a = 3. Thisshows that this transfer funtion is not positive real when a = 3.November 12, 2016 19 / 28



KYP Lemma Appliation in positive real LemmaStrongly positive real funtion1 Strit inequality aseG �(j!) + G (j!) > 0 8! 2 [0; 1℄ (15)2 G (s) is alled a strongly positive real matrix3 Strongly PR requires G �(j1) + G (j1) = DT + D > 0, i.e., relativedegree of G (s) must be 0.4 G (s) = (s + a)=(s2 + 2s + 2) is not strongly PR. ButG (s) = (s + a)=(s + 1) is so long as a > 0G (j!) = j! + aj! + 1 = a+ !2 + j(1� a)!!2 + 15 Strongly PR matrix must have full normal rank. That is, for almostall s, G (s) should have full rank. November 12, 2016 20 / 28



KYP Lemma Appliation in positive real LemmaStrongly positive real lemma
Lemma 3 (Strongly positive real lemma)For transfer matrix G (s) = (A;B ;C ;D), the following statements areequivalent:(1) Matrix A is stable and G (s) is strongly positive real;(2) There is a positive de�nite matrix P satisfying the strit inequality� ATP + PA PBBTP 0 �� � 0 CTC D + DT � < 0: (16)
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KYP Lemma Appliation in positive real LemmaStritly positive real funtion
1 Stritly proper G (s): G (j1) = D = 0 at s =1, not a stronglypositive real funtion.2 But, there are many transfer matrixes satisfying G �(j!) + G (j!) > 0at all �nite frequenies exept the in�nity, i.e.G �(j!) + G (j!) > 0 8! 2 [0; 1): (17)3 Suh a stable transfer matrix is alled a stritly positive real matrix4 G (s) = (s + a)=(s2 + 2s + 2) is stritly positive real when 0 < a � 2.
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KYP Lemma Appliation in positive real LemmaModi�ed stritly PR funtion1 What is the state spae ondition for a transfer funtion to be stritlypositive real?2 Unfortunately, this is still an open problem for the stritly positive realmatrix de�ned above.3 In view of this fat, Narendra-Taylor proposed to use the followingfrequeny domain harateristi to replae (17).De�nition 1 (Modi�ed stritly positive realness)G (s) is alled stritly PR if there exists a onstant � > 0 s.t. G (s � �) isstable and satis�es the PR ondition:G �(j! � �) + G (j! � �) � 0 8! 2 [0; 1℄: (18)November 12, 2016 23 / 28



KYP Lemma Appliation in positive real LemmaStritly positive real lemmaLemma 4Square transfer matrix G (s) = (A;B ;C ;D) is stable and has full normalrank. Then the following statements are equivalent.1 There exists a onstant � > 0 suh that G (s � �) is positive real.2 G �(j!) + G (j!) > 0 holds for any �nite frequeny ! andlim!!1!2� det[G �(j!) + G (j!)℄ > 0� is the dimension of the kernel spae of onstant matrix D +DT , namely,� = dim(Ker(D + DT )).That is, the positive realness of G (s � �) guarantees that G (s) is stritlypositive real. November 12, 2016 24 / 28



KYP Lemma Appliation in positive real LemmaExample G (s) = s + as2 + 2s + 2 :1 For suÆiently small � > 0, G (s � �) is still stable and<[G (j! � �)℄ = < � a� �+ j!1 + (1� �)2 � !2 + j2(1 � �)!�= (a� �)[1 + (1� �)2℄ + (2� a� �)!2[1 + (1� �)2 � !2℄2 + 4(1� �)2!2 :2 For all ! inluding the in�nity, <[G (j! � �)℄ � 0 i�a� � � 0; 2� a� � � 0) � � a � 2� �:3 There is a small gap between this bound and the stritly PR ondition0 < a � 2. This gap shrinks as �! 0. November 12, 2016 25 / 28



KYP Lemma Time-domain interpretation of positive real lemmaTime-domain interpretation of positive real lemmaG (s) : _x = Ax + Bu; y = Cx + DuStorage funtion V (x) = xTPx (19)Multiplying inequality (13) with [xT uT ℄, we have0 � xT (ATP + PA)x + xTPBu + uTBTPx � xTCTu � uTCx� uT (DT +D)u= xTP(Ax + Bu) + (Ax + Bu)TPx � (Cx + Du)Tu � uT (Cx + Du)= xTP _x + _xTPx � yTu � uT y) _V (x) � 2yTu: November 12, 2016 26 / 28



KYP Lemma Time-domain interpretation of positive real lemmaTime-domain interpretation of positive real lemmaIntegration leads toV (x(t)) � V (x(0)) + 2Z t0 yT (�)u(�)d�: (20)1 yTu is the supply rate of the energy injeted into the system.2 Energy stored in the system is less than the energy supplied by theinput.3 Suh a system is alled a passive system.
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KYP Lemma Time-domain interpretation of positive real lemmaTime-domain interpretation of positive real lemma1 Why yTu is the supply rate of the energy injeted into the system?2 Ciruit onsisting of an ideal voltage soure and a load: u is thevoltage of power soure, y is the urrent of load impedane Z . Theirprodut is apparently the power whih the power soure supplies tothe load impedane Z . Z yuFigure: Energy supply rate for load impedaneNovember 12, 2016 28 / 28
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