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Small Gain TheoremSmall Gain TheoremTheorem 1 (Small Gain Theorem)Assume that M(s);�(s) are stable. The 
losed-loop system is robustlystable i� one of the following 
onditions is true.When k�k1 � 1, there holds kM(s)k1 < 1.When k�k1 < 1, there holds kM(s)k1 � 1 .++ ++e2e1 w2w1 �M-- 6g g� ?�Figure: Small Gain Theorem November 16, 2016 3 / 18



Small Gain TheoremSmall Gain Theorem: proofSuÆ
ien
y:under the given 
ondition, the loop gain satis�esjM(j!)�(j!)j = jM(j!)jj�(j!)j < 1:It is 
ontained inside the unit disk and does not en
ir
le (�1; j0). So, CLSis stable.Ne
essity:Basi
 idea: �nd an un
ertainty in the given set whi
h destabilizes CLSif kMk1 � 1.Due to kMk1 � 1 and the 
ontinuity of frequen
y response, theremust be a frequen
y !0 2 [0;1℄ at whi
h jM(j!0)j = 1 holds, i.e.M(j!0) = e j� or � e j�; � 2 [0; �):In the sequel, � is 
onstru
ted only for the 
ase of positive sign.November 16, 2016 4 / 18



Small Gain TheoremSmall Gain Theorem: proofIf we 
an �nd an un
ertainty �(s) satisfying�(j!0) = e�j�; k�k1 � 1;Then 1�M(j!0)�(j!0) = 1� e j�e�j� = 0holds and CLS has an unstable pole j!0.Next, we 
onstru
t stable rational un
ertainties satisfying this
ondition 
ase by 
ase.1 M(j!0) = 1 when � = 0. Then, �(s) = 1.2 When � 2 (0; �), �(s) = a� sa+ s ; a = !0tan �=2 > 0satis�es �(j!0) = e�j� and k�k1 = 1 simultaneously.3 Un
ertainties 
onstru
ted are all stable and rational, and they belongto the given un
ertainty set sin
e their H1 norms are 1.November 16, 2016 5 / 18



Small Gain TheoremRemarks1 Physi
ally, small gain theorem 
orresponds to the fa
t that theexternal input is attenuated every time it 
ir
ulates in the 
losed loop.2 Small gain theorem is not only suÆ
ient, but also ne
essary. That is,for a norm-bounded dynami
 un
ertainty set, small gain theorem isnot 
onservative.3 However, we should understand this ne
essity 
orre
tly. It is true onlywhen the phase of un
ertainty 
an 
hange freely, whi
h seldomhappens in pra
ti
e.4 For real-world systems small gain theorem is simply suÆ
ient, notne
essary! November 16, 2016 6 / 18



Robust Stability CriteriaRobust Stability CriteriaSensitivity S and Complementary sensitivity T :S(s) = (I + PK )�1; T (s) = (I + PK )�1PK : (1)Table: Robust Stability CriteriaW (s) and �(s) are stable, k�k1 � 1Plant set P Robust stability 
riterion(I +�W )P Nominal stability and kWTk1 < 1(I +�W )�1P Nominal stability and kWSk1 < 1P +�W Nominal stability and kWKSk1 < 1P(I +�WP)�1 Nominal stability and kWSPk1 < 1November 16, 2016 7 / 18



Robust Stability CriteriaProof: feedba
k un
ertainty 
ase1 When �(s) = 0, the system must be nominally stable.2 Denote the input and output of � as z ;w resp.3 Compute the transfer matrix from w to zz = Mw ; M = �WSP :4 Transform CLS to the left �gure.5 By small gain theorem the robust stability 
ondition is1 > kMk1 = k�WSPk1 = kWSPk1 :
K-g6 - g?�+ - -q� W ��P� zw q �M �- zw

Figure: Equivalent transformation of blo
k diagramsNovember 16, 2016 8 / 18



Equivalen
e between H1 Performan
e and Robust StabilityBridge over performan
e and robust stabilityExample 1: Robust stability about additive un
ertainty (Figure (a),k�k1 � 1).Robust stability , (P ;K ) is internal stable and kWKSk1 < 1, Suppress the in
uen
e of disturban
e w on input u (Figure(b))
K-e6� wz q-�--W ?++q --u eP(a) Robust stability problem K-e6� wz -eW ++-6 ?u P-6(b) Equivalent disturban
eattenuation problemNovember 16, 2016 9 / 18



Equivalen
e between H1 Performan
e and Robust StabilityBridge over performan
e and robust stabilityExample 2: Sensitivity redu
tion:(P ;K ) is stable and kWSk1 < 1 ,Robustly stabilize plant set f~P = P1 +�W ; k�k1 � 1g
-g6� w z -g�q --u PK � W�? 6 q+An H1 performan
e problem is equivalent to a robust stabilityproblem with a virtual un
ertainty � inserted between the input andoutput of the 
losed-loop transfer fun
tion. November 16, 2016 10 / 18



Equivalen
e between H1 Performan
e and Robust StabilityBridge over performan
e and robust stabilityTheorem 2(1) The CLS 
ontaining stable un
ertainty k�k1 � 1 is stable i� thenominal CLS is stable and kF`(G ;K )k1 < 1.(2) The nominal CLS is stable and kF`(G ;K )k1 < 1 i� the CLS formedby inserting an arbitrary virtual stable un
ertainty k�k1 � 1 betweenits input w and output w is stable.GK
- ��- � wuzyFigure: Equivalen
e between nominal performan
e and robust stabilityNovember 16, 2016 11 / 18



Analysis of Robust Performan
eAnalysis of Robust Performan
eExample 1:1 plant set ~P = P +�W ; k�k1 � 1:2 Spe
: redu
e the tra
king error



WS 11 + (P +�W )K 



1 < 1: (2)3 Nominal system must satisfy this spe
 �rstkWSSk1 < 1:4 Robust stability kWKSk1 < 1: November 16, 2016 12 / 18



Analysis of Robust Performan
eAnalysis of Robust Performan
e1 Examine if nominal performan
e and robust stability 
an guaranteethe robust performan
e.WS 11 + PK � 11 +�WKS = WSS(1 +�WKS)�1:2 � (k�k1 � 1) 
an take any 
omplex value. So even ifkWKSk1 < 1, su
h a frequen
y still 
an be found at whi
hj1 +�WKS j � 1 holds.3 For this un
ertainty �, the tra
king performan
e deterioratessigni�
antly.4 No matter how good the nominal performan
e (kWSSk1) and robuststability are, the robust performan
e 
annot be ensured!November 16, 2016 13 / 18



Analysis of Robust Performan
e-e6� w2z2 -e++W- �WS - ?6r e p pp- y-PK u-w1 (a) Original problem -e6� w2z2 -e++-�S W- �WS - ?�w1 z1 p pp yPu-6 K(b) Equivalent stability problem
-e6� e++-K W-WS6p p- ?�� z2z1w2w1

u M��S �P(
) Separation of un
ertainty
-e6� w2z2 -++- PK-WS ?6w1z1 p pp -66 eW6u(d) Conversion to disturban
e
ontrol problemNovember 16, 2016 14 / 18



Analysis of Robust Performan
e SuÆ
ient Condition for Robust Performan
eSuÆ
ient Condition for Robust Performan
eExample 2: Derive a 
ondition for the robust tra
king.1 Robust performan
e problem is equivalent to the robust stabilityproblem when a virtual un
ertainty �S (k�Sk1 � 1) (Figure (b))2 After transforming Figure (b) into Figure (
), the problem is redu
edto the robust stability problem of a CLS with a dilated un
ertainty:� w1w2 � = � �S � � � z1z2 � :3 Sin
e 



� �S � �



1 < 1, by small gain theorem a suÆ
ient 
onditionfor robust stability is that, transfer matrix M(s) from [w1 w2℄T to[z1 z2℄T satis�eskMk1 � 1; M(s) = � WSS �WSSWKS �WKS � :4 This is just a suÆ
ient 
ondition. November 16, 2016 15 / 18



Analysis of Robust Performan
e Introdu
tion of S
alingIntrodu
tion of S
alingExample 2: 
ontinued1 Introdu
tion of minimum phase transfer fun
tion does not 
hange thestability of CLS.2 Equivalent blo
k diagram transformations: (a)!(b)!(
)3 S
aled norm 
ondition for robust performan
e

D�1MD

1 � 1; D(s) = � D1(s) D2(s) � : (3)4 A suitable D may make 

D�1MD

1 less than kMk1, thus lower the
onservatism. November 16, 2016 16 / 18



Analysis of Robust Performan
e Introdu
tion of S
aling��S D2 D�12D�11�� �� ��-- MD1
(a) Phase one

�D2 D�12D1 D�11�� �� ��-- �SM(b) Phase two�D1 D�11D2 D�12��-- --- -�SM (
) Phase threeNovember 16, 2016 17 / 18



Stability Radius of Norm-Bounded Parametri
 SystemsStability Radius of Norm-Bounded Parametri
 SystemsTheorem 3 (Qiu's Theorem)The un
ertain system with real un
ertainty � 2 Rp�q is robustly stable i�the parameter un
ertainty matrix � satis�es1k�k2 > sup! inf
2(0;1℄�2�� <(M(j!)) �
=(M(j!))1
=(M(j!)) <(M(j!)) �� : (4)�2(X ) denotes the se
ond largest singular value of matrix X .�M �- zwStability radius problem of parametri
 systemsNovember 16, 2016 18 / 18
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