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H2 Norm of Transfer Funtion De�nitionH2 Norm of Transfer Funtion1 Transfer matrix G (s) = (A; B ; C ; D) (1)2 H2 norm kGk2 :=s 12� Z 1�1Tr[G �(j!)G (j!)℄ d! (2)3 g(t): inverse Laplae transform of G (s) (namely its impulse response)4 Alternative form (Parseval's theorem)kGk2 = kgk2 =sZ 10 Tr[gT (t)g(t)℄ dt (3)November 17, 2016 3 / 24



H2 Norm of Transfer Funtion Relation with Input and OutputRelation with Input and Output1 SISO: H2 norm of a transfer funtion equals the 2-norm of its impulseresponse.2 MIMO: onsider an orthonormal set of fuig (i = 1; : : : ;m)UTU = UUT = I ; U = [u1; � � � ; um℄:3 Response to impulse input wi(t) = uiÆ(t) is yi (t) = g(t)ui .4 Then, H2 norm equals the sum of 2-norm of all responses toorthonormal impulse inputs.mXi=1 kyik22 = mXi=1 Z 10 yTi (t)yi (t) dt = mXi=1 Z 10 uTi gT (t)g(t)ui dt= Z 10 mXi=1 Tr�gT (t)g(t)uiuTi � dt = Z 10 Tr�gT (t)g(t)UUT� dt= Z 10 Tr�gT (t)g(t)� dt = kGk22 November 17, 2016 4 / 24



H2 Norm of Transfer Funtion Relation with Input and OutputRelation with Input and Output1 H2 norm equals the variane of steady-state response to a unit whitenoise2 White noise input u(t):E[u(t)℄ = 0 8t; E[u(t)uT (�)℄ = Æ(t � �)I : (4)3 Variane of yE hyT (t)y(t)i = E �Z t0 Z t0 (g(t � �)uT (�))g(t � �)u(�)d�d��= Z t0 Z t0 Tr�gT (t � �)g(t � �)E�u(�)uT (�)�� d�d�= Z t0 Tr�gT (t � �)g(t � �)� d� = Z t0 Tr�gT (�)g(�)� d�) limt!1E hyT (t)y(t)i = kGk22 : November 17, 2016 5 / 24



H2 Norm of Transfer Funtion Weighting Funtion vs Dynamis of Disturbane/NoiseWeighting Funtion vs Disturbane/Noise1 Disturbane has dynamis W (s). Then ŷ(s) = G (s)W (s).2 Cost funtion (with weighting funtion)kyk2 = kGW k2 : (5)3 Even when only an upper bound jW (j!)j is known,jd̂(j!)j � jW (j!)j 8 !; i :e:disturbane is still suppressed if kGW k2 is minimized beauseGd̂2 � kGW k2 :
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H2 Norm of Transfer Funtion Condition for kGk2 < Condition for kGk2 < Lemma 1The following statements are equivalent.1 A is stable and C (sI � A)�1B2 < .2 There is a matrix X = XT > 0 satisfyingXA+ ATX + CTC < 0; Tr(BTXB) < 2: (6)3 There exist matries X = XT and W = W T satisfying� XA+ ATX CTC �I � < 0 (7)� W BTXXB X � > 0; Tr(W ) < 2: (8)November 17, 2016 7 / 24



H2 Control ProblemExample: 2-DOF system1 H2 norm is ideally suited for rating transient response.2 Input penalty: in referene traking, the input is a persistent signal inthe steady state. We should limit its rate of hange instead.3 To remove the steady-state value, we use W�1r to �lter the input.4 For step signal r(t) = 1(t), the input �ltered by W�1r (s) = sbeomes its derivative _u(t). Wr-- -- -6- -gqq � y z1w u PK Wu6q - z2
Figure: H2 traking ontrol problem of 2-DOF systemNovember 17, 2016 8 / 24



H2 Control ProblemExample: 2-DOF system1 Generalized plant2664 z1z2wy 3775 = 2664 Wr �WrP0 WuI 00 P 3775� wu � = G � wu �2 Minimizing the H2 norm of CLS from w to � z1z2 �, alled an H2ontrol problem. Wr-- -- -6- -gqq � y z1w u PK Wu6q - z2
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H2 Control ProblemH2 ontrol problem1 For any given  > 0, design a ontroller satisfying kHzwk2 < .G (s) = 24 A B1 B2C1 0 D12C2 D21 0 35 : (9)GKzy wu� ��-Figure: Generalized feedbak system November 17, 2016 10 / 24



H2 Control ProblemSolutionTheorem 1(A;B2) is stabilizable and (C2;A) is detetable. Then,1 H2 ontrol is solvable i� 9X = XT , Y = Y T , A , B , C , W satisfyingHe24 AX + B2C A 0A YA+ BC2 0C1X + D12C C1 �12 I 35 < 0 (10)24 W BT1 BT1 YB1 X IYB1 I Y 35 > 0; Tr(W ) < 2: (11)2 H2 ontroller is given byAK = N�1(A � NBKC2X � YB2CKMT � YAX )(M�1)T (12)CK = C (M�1)T ; BK = N�1B : November 17, 2016 11 / 24



H2 Control Problem(Proof) CLS � A BC D � = 24 A B2CK B1BKC2 AK BKD21C1 D12CK 0 35 :Aording to Lemma 1, the H2 ontrol problem has a solution i�9P = PT and W = W T satisfying� PA + AT P CTC �I � < 0; � W BT PPB P � > 0; Tr(W ) < 2:
November 17, 2016 12 / 24



H2 Control ProblemFatorize matrix P asP�1 = �2; �1 = � X IMT 0 � ; �2 = � I Y0 NT � :Congruent transformations lead to equivalent inequalities� �T2 A�1 + (�T2 A�1)T (C�1)TC�1 �I � < 0; � W (�T2 B)T�T2 B �T2 �1 � > 0:After onrete omputation,�T2 A�1 = � AX + BC A+ BDCA YA+ BC � ; �T2 B = � B1YB1 + BD21 �C�1 = [C1X + D12C C1℄; �T2 �1 = � X II Y �and the onlusion is obtained. rNovember 17, 2016 13 / 24



Case Study: H2 ontrol of a RTP systemCase Study: H2 ontrol of a RTP system1 RTP (rapid thermal proessing) system is used for the temperaturetreatment of semiondutor wafers.2 Besides ontrol design, loations of atuator and sensor are also vitalin ahieving high performane.3 Three irular lamp zones on top of the wafer and one irumvallatingthe wafer.4 Lamps 1-3 are for the thermal proessing of wafer surfae while Lamp4 is used to ompensate for the heat leaking from the side of wafer.5 Pyrometers are installed below the bottom of wafer to measure thetemperature. November 17, 2016 14 / 24



Case Study: H2 ontrol of a RTP systemLamp loation
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Case Study: H2 ontrol of a RTP system Model of RTPModel of RTP1 Heat ondution equation of wafer�r�r�kr �T�r �+ �r2���k �T�� �+ ��z�k �T�z � = �C �T�t : (13)2 Finite element model:divide the wafer as 20 onentri annular zones with equal areas.miCi dTidt = qabi + qemi + qonvi + qondi ; i = 1; � � � ; n (14)
November 17, 2016 16 / 24



Case Study: H2 ontrol of a RTP system Model of RTPModel of RTP1 Emission heat qemiqemi = �"i�AiT 4i ; "i = 0:71281 + exp(Ti�666:15�64:70 ) (15)2 Convetion heat qonviqonvi = �hiAi(Ti � Tgas); hi = 14:2 + 8:6� riR � (16)3 Condution heat qondiqondi = �2�kiZ� Ti � Ti�1r eni � r eni�1 r ini + Ti � Ti+1r eni � r eni+1 routi � (17)4 Radiation heat qabi of lampqabi = �i JXj=1 Li ;jPj : (18)November 17, 2016 17 / 24



Case Study: H2 ontrol of a RTP system Optimal on�guration of lampsOptimal on�guration of lamps1 To realize a high uniformity in the surfae temperature, the heatirradiated from the lamps to the wafer surfae must be uniform.2 Con�guration of lamps needs to be optimized.
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Case Study: H2 ontrol of a RTP system Loation of sensorsLoation of sensors1 What is important is not only the loation of atuator, but also thatof the sensor.2 Only �nite points are measured. So, it is important to determine thenumber of sensors and loate them suitably. In orrespondene withthe number lamp zones, 4 pyrometers are used.3 Sensors are loated at the annular zones numbered 3, 11, 18 and 20where the peaks of temperature utuation our.
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Case Study: H2 ontrol of a RTP system H2 ontrol designSpei�ation1 In the whole thermal proessing, the maximal temperature utuationmust be less than �1 K.
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Case Study: H2 ontrol of a RTP system H2 ontrol designH2 ontrol design1 T = [T1; � � � ;T20℄T : temperature, u = [u1; � � � ; u4℄T : lamp power2 Linear approximation about the target temperature 1373 K� _T = A�T + B�u; y = C�T (19)3 �T = T � T0; �u = u � u0: error w.r.t. the equilibrium (T0; u0)
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Case Study: H2 ontrol of a RTP system Simulation ResultsSimulation Results: e�et of sensor loation
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Case Study: H2 ontrol of a RTP system Simulation ResultsSimulation Results: e�et of sensor loation
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Case Study: H2 ontrol of a RTP system Simulation ResultsSimulation Results: e�et of lamp loation
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