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MotivationMotivation1 In the modern ontrol theory, the so-alled pole plaement is to plaethe poles to �xed points in the omplex plane.2 However, it is impossible to �x the losed-loop poles to spei� pointswhen the system has unertainty.3 Nevertheless, it is still possible to plae the losed-loop poles in aregion.4 From the viewpoint of robust performane, the response quality ofthe CLS is guaranteed if the losed-loop poles an be loked in apresribed region.
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Convex Region and Its Charaterization Relationship between Control Performane and Pole LoationPerformane and Pole Loation1 Prototype 2nd-order systemG (s) = !2ns2 + 2�!ns + !2n ; 0 < � < 1 (1)2 Poles of G (s): p = ��!n � j!np1� �23 Rise time is proportional to 1=!n, so !n must be greater than aertain number r > 0.4 R > jpj neessary to avoid large input.5 Therefore, r � jpj = !n � R :6 Let the damping ratio orresponding to the greatest allowableovershoot be �p, the damping ratio must satisfy� � �p: Deember 14, 2016 4 / 34



Convex Region and Its Charaterization Relationship between Control Performane and Pole LoationPerformane and Pole Loation1 angle between the poles and the real axis must satisfytan � = p1� �2� =s 1�2 � 1 �s 1�2p � 1) � � �p := artans 1�2p � 1:2 To shorten the settling time, we need, w.r.t. the required onvergenerate � <(p) = ��!n � ��:Basially this an be ensured by adjusting r . Deember 14, 2016 5 / 34



Convex Region and Its Charaterization Relationship between Control Performane and Pole LoationPerformane and Pole Loation
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LMI Region and Its Charaterization Typial LMI RegionsImRe�� 0 ImRe0�r
ImRe0� ImRe�h1 0�h2Figure: Typial examples of LMI region Deember 14, 2016 7 / 34



LMI Region and Its Charaterization Typial LMI RegionsCharaterization of LMI RegionHalf-plane: R(s) < ��x < �� , z + z < �2�: (2)Disk: entered at (� ; 0) and with a radius r(z + )(z + ) < r2 , �r � (z + ) � 1�r � (z + ) < 0, � �r z + z +  �r � < 0, � �r  �r �+ z � 0 10 0 �+ z � 0 01 0 � < 0: (3)Deember 14, 2016 8 / 34



LMI Region and Its Charaterization Typial LMI RegionsCharaterization of LMI RegionSetor: j arg z � �j < �jy j�x < tan �, x sin � < �jy j os � < 0, (x sin �)2 > (y os �)2; x sin � < 0, � x sin � jy os ��jy os � x sin � � < 0:Substitution of x = (z + z)=2, jy = (z � z)=2 leads to� (z + z) sin � (z � z) os ��(z � z) os � (z + z) sin � � < 0,z � sin � os �� os � sin � �+ z � sin � � os �os � sin � � < 0: (4)Deember 14, 2016 9 / 34



LMI Region and Its Charaterization Typial LMI RegionsDe�nition of LMI Region
1 LMI region D: the set of omplex number z haraterized byD = fz 2 C j fD (z) < 0g (5)fD(z) = L+ zM + zMT : (6)2 Matrix fD(z): the harateristi funtion3 L and M are both square matries.
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Condition for Regional Pole PlaementCondition for Regional Pole Plaement1 System _x = Ax : (7)2 Charateristi funtion fD(z) = L+ zM + zMT (8)3 Charateristi matrixMD(A;X ) = L
 X +M 
 (AX ) +MT 
 (AX )T : (9)4 Replaement relation between fD(z) and MD(A;X )(1; z ; z), (X ; AX ; (AX )T ): (10)Theorem 1All eigenvalues of matrix A are loated in an LMI region D i� 9X suh thatMD(A;X ) < 0: (11)Deember 14, 2016 11 / 34



Condition for Regional Pole PlaementExample 11 Consider a disk entered at (� ; 0) and with radius r .2 Charateristi funtionfD(z) = � �r  �r �+ z � 0 10 0 �+ z � 0 01 0 � ;) L = � �r  �r � ; M = � 0 10 0 �3 ConditionMD(A;X ) = L
 X +M 
 (AX ) +MT 
 (AX )T= � �rX XX �rX �+ � 0 AX0 0 �+ � 0 0(AX )T 0 �= � �rX X + AXX + (AX )T �rX � < 0: (12)Deember 14, 2016 12 / 34



Condition for Regional Pole PlaementRelation between fD(z) and MD(A;X )Replaement relation between fD(z) and MD(A;X ):(1; z ; z), (X ; AX ; (AX )T ): (13)Example 21 Setor in the left half plane and with an angle �:fD(z) = z � sin � os �� os � x sin � �+ z � sin � � os �os � sin � � :2 Condition for pole loation of _x = Ax:MD(A;X ) = � (AX + XAT ) sin � (AX � XAT ) os ��(AX � XAT ) os � (AX + XAT ) sin � � < 0:(14)Deember 14, 2016 13 / 34



Condition for Regional Pole PlaementExample 3 A = � 0 1�10 �6 � ; �(A) = �3� j :Eigenvalues of matrix A are ontained in 3 regions:(1) disk:  = 0; r = 5; (2) half plane: � = 2; (3) setor: � = �=4Solutions to the orresponding LMIsX1 = � 0:1643 �0:2756�0:2756 0:8687 � > 0; X2 = � 0:1567 �0:3532�0:3532 1:0106 � > 0X3 = � 0:1335 �0:2187�0:2187 0:4799 � > 0:The same onlusion is obtained.But when � = 4, system poles are not in the half plane. (11) has nopositive de�nite solution. Deember 14, 2016 14 / 34



Composite LMI RegionComposite LMI RegionCorollary 1All eigenvalues of matrix A are in a omposite region D1 \ D2 i� 9X > 0satisfying MD1(A;X ) < 0 and MD2(A;X ) < 0.
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Figure: Composite region of disk, half plane and setorDeember 14, 2016 15 / 34



Composite LMI RegionExample 4Eigenvalues of system matrixA = � 0 1�10 �6 �are loated in the following 3 regions respetively:(1) disk:  = 0; r = 5; (2) half plane: � = 2; (3) setor: � = �=4Intersetion of these 3 regions is the shaded part of the �gure on thepreeding slide. Solving for the ommon solution of those three LMIs, weobtain X = � 18:357 �38:4586�38:4586 120:2923 � > 0:Hene the same onlusion is obtained. Deember 14, 2016 16 / 34



Feedbak Controller DesignFeedbak Controller Design1 Plant _x = Ax + Bu; y = Cx (15)2 Controller _xK = AKxK + BKy ; u = CKxK + DKy (16)3 Closed-loop system24 _x_xKz 35 = � A BC D �24 xxKw 35 (17)in whih A = � A+ B2DKC2 B2CKBKC2 AK � : Deember 14, 2016 17 / 34



Feedbak Controller DesignFeedbak Controller DesignDesign onditionMD(A ;P) = L
 P +M 
 (AP) +MT 
 (AP)T < 0 (18)As P = �2��11 , multipliation of �T1 ; �1 from both sides yieldsL
 (�T1 P�1) +M 
 (�T1 AP�1) +MT 
 (�T1 AP�1)T < 0: (19)Variable hangeA = NAKMT + NBKCX + YBCKMT + Y (A+ BDKC )XB = NBK + YBDK ; C = CKMT + DKCX ; D = DK (20)�T1 P�1 = �T1 �2 = � X II Y � ; �T1 AP�1 = � AX + BC A+ BDCA YA+ BC �(21)Deember 14, 2016 18 / 34



Feedbak Controller DesignFeedbak Controller DesignFinal design ondition:L
 � X II Y �+M 
 � AX + BC A+ BDCA YA+ BC �+MT 
 � AX + BC A+ BDCA YA+ BC �T < 0: (22)In addition, P > 0 is equivalent to� X II Y � > 0: (23)
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Feedbak Controller Design Design Example: Mass-Spring SystemDesign Example: Mass-Spring System_x = � 0 1�100 0 � x + � 01 � u:Composite region:(1) disk:  = 0; r = 5; (2) half plane: � = 2; (3) setor: � = �=4Solution to Eqs. (22) and (23), all positive de�niteX = � 85:6357 �189:7711�189:7711 629:9055 � ; Y = � 629:9055 �189:7711�189:7711 85:6357 �Controller K (s) = 90s2 + 1087s + 13023s2 + 12:2859s � 128:9044 :Poles of the losed-loop system�2:8568 � j1:1716; �3:2861 � j1:7570All are loated in the three spei�ed LMI regions. Deember 14, 2016 20 / 34



Analysis of Robust Pole Plaement Polytpoi SystemPolytpoi SystemMass-spring-damper system (u = 0)_x = � 0 1� km � bm � x :p1 = k=m; p2 = b=m. Then_x = �� 0 10 0 �+ p1 � 0 0�1 0 �+ p2 � 0 00 �1 �� x :A is an aÆne funtion of parameter vetor p = [p1 p2℄T .General form _x = A(p)x ; x(0) 6= 0: (24)Deember 14, 2016 21 / 34



Analysis of Robust Pole Plaement Polytpoi SystemRobust Regional Pole PlaementCorollary 2All eigenvalues of matrix A(p) are loated in LMI region D i� 9X (p) > 0satisfying MD(A(p);X (p)) < 0: (25)1 X (p) depends on parameter vetor p. However, nobody knows therelationship between X (p) and p so far.2 We follow the philosophy of quadrati stability and �x X (p) as aonstant matrix.3 SuÆient ondition: MD(A(p);X ) < 0 (26)has a real positive de�nite solution. Deember 14, 2016 22 / 34



Analysis of Robust Pole Plaement Polytpoi SystemSimpli�ationPolytopi system A(p) = NXi=1 piAi ; NXi=1 pi = 1; pi � 0: (27)Corollary 3For a matrix polytope A(p), if 9X > 0 satisfyingMD(Ai ;X ) < 0 8i = 1; : : : ;N; (28)then the eigenvalues of A(p) are all loated in the LMI region D.Deember 14, 2016 23 / 34



Analysis of Robust Pole Plaement Polytpoi SystemExample: mass-spring-damper systemm = 1; k = 3, frition bA = � 0 1�3 �b � ; b > 0:LMI region: disk entered at (� ; 0) = (�2:5; 0) and with a radiusr = 2.Eigenvalues of matrix A are �b�pb2�122 .1 Complex roots (b < p12), the ondition isr2 > � � b2�2 + p12� b22 !2 ) b > 2 � r2 + 3 = 2:1:2 Real roots, the ondition beomes + r > d +pb2 � 122 ) b <  + r + 3 + r = 5:167:Corollary 3 sueeds only when b 2 [2:3; 4℄, onservative.Deember 14, 2016 24 / 34



Analysis of Robust Pole Plaement Norm-Bounded Parametri SystemNorm-Bounded Parametri System_x = A�x = (A+ B�(I �D�)�1C )x ; k�(t)k2 � 1: (29)Equivalent to the CLS made up by a nominal system M(s)M � _x = Ax + Bwz = Cx + Dw (30)and a norm-bounded parameter unertainty �(t)w = �z ; k�(t)k2 � 1:In addition, as �(t) varies arbitrarily in the range of k�(t)k2 � 1, thematrix I � D� is invertible i� kDk2 < 1.�M �- zwFigure: Parameteri system Deember 14, 2016 25 / 34



Analysis of Robust Pole Plaement Norm-Bounded Parametri SystemA SuÆient ConditionTheorem 2If there exist matrix P > 0; Q > 0 satisfying LMI24 ND(A;P) M1 
 (PB) (M2Q)
 CTMT1 
 (BTP) �Q 
 I Q 
 DT(QMT2 )
 C Q 
 D �Q 
 I 35 < 0 (31)ND(A;P) = L
 P +M 
 (PA) +MT 
 (PA)T ; (32)then poles of the unertain system (29) are all loated inside the region D.
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Analysis of Robust Pole Plaement Norm-Bounded Parametri SystemAn Example1 LMI region: disk with harateristi funtionfD(z) = � �r  �r �+ z � 0 10 0 �+ z � 0 01 0 � :2 Condition 2664 �rP P + PA PB 0P + ATP �rP 0 CTBTP 0 �I DT0 C D �I 3775 < 0: (33)
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Robust Design of Regional Pole Plaement On Polytopi SystemsOn Polytopi Systems1 System with only one unertain parameter_x = (�1A1 + �2A2)x + Bu; y = Cx ; �1; �2 � 0; �1 + �2 = 1: (34)2 Controller _xK = AKxK + BKy ; u = CKxK + DKy ; (35)3 Condition for pole plaement in an LMI region D:L
 � X II Y �+He�M 
 � AX + BC A+ BDCA YA+ BC �� < 0� X II Y � > 0have a solution. Deember 14, 2016 28 / 34



Robust Design of Regional Pole Plaement On Polytopi SystemsOn Polytopi Systems1 Unknown variablesA = NAKMT + NBKCX + YBCKMT + Y (�1A1 + �2A2 + BDKC )XB = NBK + YBDK ; C = CKMT + DKCX ; D = DK :2 Although A = �1A 1 + �2A 2 in whihA 1 = NAKMT + NBKCX + YBCKMT + Y (A1 + BDKC )XA 2 = NAKMT + NBKCX + YBCKMT + Y (A2 + BDKC )X ;it is not guaranteed that they have a ommon solution whenalulating AK from (A 1 ; A 2). Deember 14, 2016 29 / 34



Robust Design of Regional Pole Plaement On Polytopi SystemsOn Polytopi Systems1 However, when �1; �2 are known, we may use a ontroller withAK = �1AK1 + �2AK2:2 In this ase,A 1 = NAK1MT + NBKCX + YBCKMT + Y (A1 + BDKC )XA 2 = NAK2MT + NBKCX + YBCKMT + Y (A2 + BDKC )Xand (AK1; AK2) an be inversely alulated from (A 1 ; A 2).3 This is the so-alled gain-sheduling method to be introdued in thenext hapter. Deember 14, 2016 30 / 34



Robust Design of Regional Pole Plaement Design for Norm-Bounded Parametri SystemDesign for Norm-Bounded Parametri System1 Norm-bounded parametri systemG 8<: _x = Ax + B1w + B2uz = C1x + D11w +D12uy = C2x + D21w (36)w = �z ; k�k2 � 1: (37)2 Controller K : _xK = AKxK + BKy (38)u = CKxK + DKy3 Task: robustly plae the losed-loop poles inside an LMI region DDeember 14, 2016 31 / 34



Robust Design of Regional Pole Plaement Design for Norm-Bounded Parametri SystemSuÆient Condition24 L
 (�T1 �2) +HefM 
 (�T2 A�1)g M1 
 (�T2 B) M2 
 (�T1 CT )MT1 
 (BT �2) �I I 
 DTMT2 
 (C�1) I 
D �I 35< 0 (39)� X II Y � > 0: (40)have a solution, in whih�T1 �2 = � X II Y � ; �T2 A�1 = � AX + B2C A+ B2DC2A YA+ BC2 ��T2 B = � B1 + B2DD21YB1 + BD21 � ; C�1 = [C1X + D12C C1 + D12DC2 ℄A = NAKMT + NBKC2X + YB2CKMT + Y (A+ B2DKC2)XB = NBK + YB2DK ; C = CKMT + DKC2X ; D = DKDeember 14, 2016 32 / 34



Robust Design of Regional Pole Plaement Robust Design Example: Mass-Spring-Damper SystemRobust Design Example: Mass-Spring-Damper Systemm = 1 kg, b 2 [0; 2℄ Ns/m, k 2 [80; 120℄ N/m_x = � 0 1�k �b � x + � 01 � u; y = [1 0℄x :Unertain parametersk = k0(1 + w1Æ1); b = b0(1 + w2Æ2); jÆi j � 1k0 = 100; b0 = 1; w1 = kmaxk0 � 1 = 0:2; w2 = bmaxb0 � 1 = 1:Normalizing the unertain matrix � = [Æ1 Æ2℄, we getA = � 0 1�k0 �b0 � ; B1 = B2 = � 01 � ; C1 = �p2 � k0w1 00 b0w2 �C2 = [1 0℄; D11 = D12 = � 00 � ; D21 = 0 Deember 14, 2016 33 / 34



Robust Design of Regional Pole Plaement Robust Design Example: Mass-Spring-Damper System1 Design spe: plae the poles of CLS inside the intersetion of a disk( = 0; r = 15) and a half plane (� = 1)2 Controller K (s) = �66s2 � 405s + 13315s2 + 30:415s + 277:62 :3 CLS poles (all loated in the given region)Nominal (�6:0189� j8:717;�9:6886� j5:9056)Four verties (�9:3103� j7:3826;�5:8972� j5:3125)(�9:2397� j9:562;�6:9678� j1:3258)(�3:9167� j10:3592;�11:2458� j6:0098)(�5:8157� j10:5058;�10:3918� j5:5414)4 K (s) is very sensitive to noise beause K (1) = �665 Noise redution should be supplemented, a multiobjetive design.Deember 14, 2016 34 / 34
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